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Abstract We classify solvable Lie groups admitting left invariant symplectic half-flat
structure. When the Lie group has a compact quotient by a lattice, we show that these struc-
tures provide solutions of supersymmetric equations of type IIA.
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1 Introduction

An SU(3) structure on a six-dimensional manifold defines a nondegenerate 2-form F, an
almost complex structure J and a complex volume form W. The SU(3) structure is half-flat
if the 4-form 0 = F A F and the 3-form p = W, given by the real part of the complex
volume form are both closed differential forms. Half-flat SU(3) structures are of interest
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in both differential geometry and physics, since they give rise to G> holonomy metrics in
dimension 7 by solving a certain system of evolution equations [7,17].

Nilpotent Lie algebras with half-flat structures have been classified by Conti [4]. Schulte-
Hengesbach [20] has classified direct sums of 2 three-dimensional Lie algebras admitting
half-flat SU(3) structure, and the complete classification of decomposable half-flat Lie alge-
bras is achieved by Freibert and Schulte-Hengesbach in [11]. Moreover, in the recent paper
[12] they classify arbitrary indecomposable Lie algebras admitting a half-flat SU(3) struc-
ture, except for the solvable case with four-dimensional nilradical. We use here some of their
results as it is explained below.

In the present paper we consider the case when F is itself closed, i.e. (F, V) is a symplectic
half-flat structure. It is known that a symplectic half-flat structure (£, ¥) on a 6-manifold M
defines, on the 7-manifold M x R, the 3-form ¢ = F A dt + W which is a calibrated G,
form in the sense of Harvey and Lawson [15]. Moreover, as we recall below, in the compact
case this kind of structures are closely related to solutions of the supersymmetric equations
of type ITA. Nilpotent Lie algebras having symplectic half-flat structure are classified by
Conti and Tomassini [6]. In this paper, we classify the (non-nilpotent) solvable Lie algebras
admitting symplectic half-flat structure and, as an application, solutions of such equations
are given.

For unimodular solvable Lie algebras, the classification is the following:

Theorem 1.1 An unimodular (non-Abelian) solvable Lie algebra g has a symplectic half-flat
structure if and only if it is isomorphic to one in the following list:

e, D@e(1, 1) = (0, =™, 12,0, —¢%, —%%) ;

g1 R = (0,0,0,0,¢2, )

A;;,fl.l@R _ <e15’ _625’ _835’84570’ 0);

Ac5>z:1—7a,1®R _ (ae15+e25, e e, — e e, — P g™ 0, 0) a0
d6.N3 = (0, 0.0,¢'2, 13, 623);

0 23 36 26 26 56 36 46
96’38:(6 ,—e, e, e —eP, e +e7,0);

92:5—1 _ (616 +635, 2 4 6% 3. 6% 0.0):
El2,1—118,—1 _ (_616 1625, 15 _ g2 36 _ 45 35 4 46 ¢ O).
It is worth noting that the corresponding solvable Lie groups admit a co-compact discrete

subgroup (see Remarks 3.2 and 4.4 for details).
In the description of the Lie algebras, we are using the structure equations with respect to a

basise!, ..., ¢S of the dual g*. Forinstance, e(1, D@e(1, 1)= (0, —e'?, —e!2,0, —e0, —e®)
means that there is a basis {ej}?:1 satisfying de! = 0,de? = —e! A e, de’ = —e! A e?,
de* =0,de® = —e* Ae® and de® = —e* Ae”; equivalently, the Lie bracket is given in terms

of its dual basis {ej}?:1 by [e1, e2] = e3, [e1, €3] = e2, [e4, e5] = e and [e4, eg] = e5. For
listing the Lie algebras we use the same labels as in the lists given in [3,21,24].

In Theorem 1.1 the Lie algebras gs5,1 ® R and ge, y3 are the only (non-Abelian) nilpotent
Lie algebras having symplectic half-flat structure [6]. The Lie algebras ge n3, 9(6),38’ 92:5_4]

and 92:1_1135 ~!in Theorem 1.1 are indecomposable, whereas the first three Lie algebras and the

family Ag"ﬁa’l @ R are decomposable. The decomposable case 4 @ 2 is of special interest,
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because such Lie algebras (solvable or not) cannot admit symplectic half-flat structure (see
Proposition 4.2 for details).
Regarding non-unimodular solvable Lie algebras, we have:

Theorem 1.2 A non-unimodular solvable Lie algebra g has a symplectic half-flat structure
if and only if it is isomorphic to one in the following list:

.3.-1 L, 3 2261 36 46 56

Ag iz =|—=e’+e7, —=e, e, e, —e7,0]);
e 3 3 3

Aé’;4 _ (616 4635, 6% 4 %5, 63, _646’2656’0);

1
o, 50 o o o o
AL 720 (2616 20 4 35 (16 2626 e, 2636 %0 36 2646’ e, 0) :

_3 3 1 1 3
AG,%I _ (§e16+e25 S0 4 35 236 4 45 _7646’656’0);

2 2 2

Therefore, g is indecomposable.

In the proof of Theorem 1.1 we use the classification given in [18] of six-dimensional
unimodular solvable Lie algebras admitting a symplectic form. That list is given using as
starting point the original classification due to Mubarakzyanov [19]. To prove Theorem 1.2 we
use the classification of Turkowski [24] (or Freibert’s and Schulte-Hengesbach’s refinement
[12] of Mubarakzyanov [19] classification) of solvable Lie algebras with four-dimensional
(or five-dimensional, respectively) nilradical, and firstly we show which of those Lie alge-
bras have a symplectic form (see Propositions 3.3 and 3.4). Moreover, for each Lie algebra
given in the theorems above we show an explicit symplectic half-flat structure (F, W). The
last assertion of Theorem 1.1, i.e. that the Lie group associated to each Lie algebra admits a
co-compact discrete subgroup, follows from [3,9,13,23,25].

The paper is structured as follows. In Sect. 2 we review general facts about SU(3) struc-
tures and explain the method that we follow for studying the existence of symplectic half-flat
structure on solvable Lie algebras. In Sect. 3 we investigate the case when the solvable Lie
algebra is indecomposable and, in particular, when the Lie algebra is non-unimodular and
with nilradical of dimensions 4 or 5. Here we must notice that according to [19], a solvable
Lie algebra of dimension 6 with nilradical of dimension lower than 4 is decomposable or
nilpotent. The decomposable case is considered in Sect. 4. As a consequence of the results
proved in Sect. 4 we conclude that the decomposable solvable Lie algebras having symplectic
half-flat structure are unimodular.

Finally, as an application of Theorem 1.1, in Sect. 5 we provide compact solutions to
certain supersymmetric equations of type ITA. Supersymmetric flux vacua with constant
intermediate SU(2) structure were introduced by Andriot [1], and it is showed in [10] that
they are closely related to the existence of special classes of half-flat structures on the internal
manifold. In particular, solutions of the SUSY equations of type IIA possess a symplectic
half-flat structure. In Proposition 5.3 we prove that any six-dimensional compact solvmani-
fold admitting an invariant symplectic half-flat structure also admits a solution of the SUSY
equations of type IIA. This provides the complete list of compact solvmanifolds admitting
invariant solutions of such supersymmetric equations.
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2 Symplectic half-flat structures

In this section we recall some well-known facts about SU(3) structures and consider several
obstructions to the existence of symplectic half-flat structures. We will follow ideas given in
[4,5,11].

An SU(3) structure on a six-dimensional manifold M is an SU(3) reduction of the frame
bundle of M. We consider the characterization of SU(3) structures given in [16], i.e. in terms
of certain stable forms which satisfy some additional compatibility conditions.

A 3-form p on a six-dimensional oriented vector space (V, v) is stable if its orbit under
the action of the group GL(V) is open. Let k : ASV* — V ® A®V* be the isomorphism
with k(7)) = X ® v such that ixv = n,andlet K, : V — V ® APV* be given by
K,(X) =«k(txp A p). Interms of the invariant A(p) = étr(K%), the stability of p is equiva-
lent to the open condition A(p) # 0. Moreover, A(p) enables us to construct a volume form

¢ (p) := IA(p)] € ASV*.

1

The endomorphism J, := WK p gives rise to an almost complex structure if A(p) < 0.
The action of J on 1-forms is given by the formula
Jya(X)p(p) =a Atxp A p. (1)

The characterization of SU(3) structures requires the existence of a 2-form F which is stable,
ie ¢(F):=F3 # 0, such that the pair (F, p) is compatible, in the sense that

FAp=0,
and normalized, i.e.

¢ (p) =2 (F).

Such a pair (F, p) induces a pseudo Euclidean metric g(-, -) = F(J,-, -) which satisfies on
1-forms the identity

* 2 1 3 *
ozAJp,B/\F =§g(oz,ﬁ)F, o, BeVr. 2)

An SU(3) structure on V is a pair of compatible and normalized stable forms (F, p) €
A?V* x A3V* with A(p) < 0 inducing a positive-definite metric. If in addition V = g is a
Lie algebra then a symplectic half-flat structure on g is an SU(3) structure (F, p) such that
dF = 0and dp = 0, where d denotes the Chevalley-Eilenberg differential of g.

From now on, we denote by Z¥(g) the space of closed k-forms on g, by S(g) = {F €
Z%(g) | F? # 0} the space of symplectic forms on g, and by Ann(p) the annihilator of p
in the exterior algebra A*g*. In [11] the authors give a useful simple obstruction to the exis-
tence of half-flat structures on Lie algebras based on Eq. (2). In the presence of a compatible
symplectic form, such obstruction reads as:

Proposition 2.1 Let us fix a volume element v on g and let p € Z3(g). Let us define J, by
imitating (1) but with respect to the volume element v, that is,

(Fo)X)v=aAxprp, Xeg,

and let jp: g —> g be the endomorphism of g given by oz(ij) = —(.i;;oz)(X), for any
X e gand o € g*. Then:

(1) If there is some a € g* such that

a/\j;a/\F2=0
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forany F € S(g) N Ann(p), then g does not admit any symplectic half-flat structure.
(ii) If there are some X, Y € g such that

F(Jp(X), X) F(J,(Y),Y) <0
forany F € S(g) N Ann(p), then g does not admit any symplectic half-flat structure.

Proof Notice that jp is proportional to the almost complex structure J,. Now, from (2)
it follows that in case (i) the induced metrics g are degenerate, and in case (ii) we get a
contradiction with the positive-definiteness of g. O

In [5] it is proved the following restriction to the existence of a calibrated G, form on a
Lie algebra b: if there is a nonzero vector X € b such that (ix¢)> = 0 for all ¢ € Z3(h*),
then h does not admit calibrated G, structures. It is known [8] that a symplectic half-flat
structure on the Lie algebra g induces the calibrated G, form ¢ = F A dt 4+ WV on the Lie
algebra h = g @ R. These facts imply the following:

Proposition 2.2 If there exists X € g @ R such that
(ix¢)* =0 forallg € Z> (g ®R)),
then g does not admit symplectic half-flat structure.

In this paper we study the existence of symplectic half-flat structures on six-dimensional
solvable Lie algebras. In the decomposable cases 3®3,4@2 and 5& 1 our starting point is the
half-flat classification obtained in [11,20] and, after finding which of them admit symplectic
forms, we apply the above proposition to classify the Lie algebras having symplectic half-
flat structure. We remark that the results obtained in the decomposable cases are completely
general and not constrained to the solvable type.

On the other hand, in the case of indecomposable unimodular solvable Lie algebras,
we start with the symplectic classification given in [18] and then we search for a compat-
ible half-flat structure (see Proposition 3.1). For indecomposable non-unimodular solvable
Lie algebras with nilradical of dimension 4, we use the list of [24] and we show which of
them have a symplectic form (see Proposition 3.4). However, in the case of indecomposable
non-unimodular solvable Lie algebras, with five-dimensional nilradical, we begin with the
classification given in [12] of indecomposable solvable Lie algebras having a half-flat struc-
ture (see Proposition 3.3). The next step is then to apply the above propositions which are
obstructions to the existence of symplectic half-flat structures.

In the cases of existence of symplectic half-flat structure we will only provide a partic-
ular example (F, p) written in standard form F = 12+ f34 + fs6 and p = Re((f' +
i3 +ifY(f +if®)) with respect to some basis { £, ..., f®} of g*. Notice that this
basis is orthonormal for the underlying metric and the almost complex structure J is given
byJ*fl :—fZ,J*f3:—f4andJ*f5:—f6.

3 The indecomposable case

In this section we prove Theorems 1.1 and 1.2 in the case of indecomposable solvable Lie
algebras of dimension 6.

In the next proposition we focus on unimodular solvable Lie algebras which are not nil-
potent, because it is proved in [6] that ge_y3 is the only indecomposable nilpotent Lie algebra
admitting symplectic half-flat structure. For listing the unimodular solvable Lie algebras, we
use the notation given in [3] (see Appendix).

@ Springer



372 Ann Glob Anal Geom (2013) 43:367-383

Proposition 3.1 The only six-dimensional indecomposable unimodular non-nilpotent solv-

able Lie algebras admitting symplectic half-flat structures are gg e gg' 5 41 and gg' |13

Proof By [18, Theorem 2] the indecomposable unimodular non-nilpotent solvable Lie alge-
bras admitting a symplectic form are those appearing in Table 1 of the Appendix.
Notice that the Lie algebra 92’541 has a symplectic half-flat structure by [22]. Moreover,

explicit symplectic half-flat structures on 92’38 and 92:1_1125_1 are given in Table 1.

Next we show in some detail how Proposition 2.1 is used for the remaining Lie algebras
g in the list. In all cases we consider on g the volume element given by v = 123430 where
{e!, ..., €% is the basis of g* in Table 1.

On the Lie algebra g = 9(6):3—1’ any pair (F, p) with F € Zz(g) and p € Z3(g) is given by

F = blel6 + b2€23 + b3€26 + b4€36 + l?5e45 + b6346 + b7e56,

o= a1(3123 +a2€126 136 146 156 236 +a7€24

256

+ aze 6

345

+ age
346

+ ase + age

356 456

“+age + age + ajpe +ane" +ape.

The stability of F implies that by, by, bs # 0, so we can take without loss of generality
bs = 1. From the compatibility condition F A p = O we geta; = ap = a4 = as = 0,
az = agby and ag = agb3 — aj2b2. Now, Proposition 2.1 (i) is satisfied for the 1-form o = P

and consequently g does not admit symplectic half-flat structure.
1

For the Lie algebra g = 9;1137’0, any pair (F, p) € Z*(g) x Z>(g) is given by
1
F = b1el3 + by (—5616 + 823) + b3€24 + b4€26 + b5€36 + b6e46 + b7€56,

1 1
0 =a1e'? + ae'® + aze'® + a (56146 _6234) +as (56156 +e235) + age?0

245 246 256 346 356 456

“+aze + age + age + ajpe +ape +ape .

The form F is stable if and only if b1, b3, b7 # 0, so we can suppose without loss of gen-

erality that by = 1. When imposing F A p = 0 we find that a7 = —asb3, ag = —azbs,
a9 = asby + arby, as = axbs, ajp = arbg and a4 = M A direct calculation
shows that

_ b3(ai1ba + babs + (a2 — 1)6l3b7)e1 n azbs(ary + bs)

b = ex + 2ayaz eq,

Joer =

which implies that F(fpel, e1) = 0 and so Proposition 2.1 (ii) is satisfied for X =Y = e;.
On the Lie algebra g = 92:(7)0, any pair (F, p) € Zz(g) X Z3(g) is given by

F = b (613 + 624) + by (616 + 645) + b3 (626 — e35) + bye® + bse + bee® + bre™,

0 =ae'® +a (6135 +ez45) + aze'® + ay (6145 _ 6235) + as (6146 + 8236)

+a6€156 +a7e246 +ag€256 +619€345 +aloe346 +a11e356 +a12€456.

The form F is stable if and only if b1, b7 # 0, so we consider b = 1. From the condition
F A p=0wegetthata, = %, a3 = —ay, ag = arby — ay1bs + asb>, ag = arby + aybg,
ay = (a4 + as)by + (a7 — ag)bz + agbs + axbs and ayp = (a9 — a3)by — (a4 + as)b3

— agby + arbe. We find that J,e1 = ey + - - - + ageq and Jyeo = Breg + - - - + Baeq with
Ba = —az = —2aq(as + as). This implies that

F(Jyer,e1) = F(ajey + -+ ages, e1) = —a3 = —2a (a4 + as)
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and
F(Jpez,e2) = F(Brer + -+ + Paes, €2) = —Pa = 2ai(as + as).

Therefore, Proposition 2.1 (ii) is satisfied for X = e; and Y = ej, and gg:go does not admit
symplectic half-flat structure.

For the Lie algebras 9(6):?0’ g; 11‘8_] R 92’21 and 922(3)6 one can prove that Proposition 2.1 (i)
is satisfied for the 1-form o = ¢® and consequently they do not admit symplectic half-flat
structure. .

For the Lie algebras gg’gl’o and ge 78 a similar argument proves that F (jpe 1,e1) =0,
for 967,%5 one has that F(fpe4, e4) = 0 and for ngfil34 we have F(fpeg, e3) = 0. Thus, by
Proposition 2.1 (ii) these Lie algebras do not admit symplectic half-flat structure. O

Remark 3.2 The solvable Lie group corresponding to 92’38 admits a lattice by [3, Proposition
8.3.3]. For 92’5_ 4] ,itis shown in [9] that the corresponding simply connected Lie group admits

a compact quotient. Finally, the solvable Lie group corresponding to gg: 1_118’ ~! admits a lattice
by [25].

In the following we study non-unimodular Lie algebras. A solvable Lie algebra of dimen-
sion 6 with nilradical of dimension lower than 4 is decomposable or nilpotent [19]. So, we
are left to study Lie algebras with nilradical of dimensions 4 and 5.

To prove next proposition we use the list of Freibert and Schulte-Hengesbach [12] of the
solvable Lie algebras, with five-dimensional nilradical, having a half-flat structure. There
the authors use the corrected version, due to Shabanskaya [21], of the original classification
by Mubarakzyanov [19] of solvable Lie algebras of dimension 6 with five-dimensional nil-
radical. That list given in [21] contains 52 Lie algebras and 70 families depending at least
of one-parameter: 44 one-parameter families, 22 two-parameter families, 3 three-parameter
families and 1 four-parameter family.

Proposition 3.3 The only six-dimensional non-unimodular solvable Lie algebras with
_21 4
five-dimensional nilradical admitting symplectic half-flat structures are A6,f3’3’ , Aé’;zp
2 _3
A6,720 (¢ #0) and A6,%1'
Proof From the list given in [12] one can check that the unique non-unimodular solvable
Lie algebras with five-dimensional nilradical admitting a symplectic form are those given in

Table 2 of the Appendix. Next we use Proposition 2.2 to find which of them admit in addition
a symplectic half-flat structure.
3 3

Letg = Ag”;;7 and consider the seven-dimensional Lie algebra h = g@R. Let us consider
an arbitrary ¢ € Z3(h*). Then,

0 = a1 + are'® 4 a3 (6135 n 26236) + ase®™ — as (6145 _ 6246) + age?

ta (26157 +6267) — ag <6136 . 6345) T a9e®® + 4106 + a1,3% + apre®®’

te13¢*0 —ay, (6167 _ 26457) + a156*7 + a16¢%7.

Put v =i, ¢. Thus,

V= ale46 + a2656 + a3635 — a5e45 + 2a7(357 — a8e36 — a14e67
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is a degenerate 2-form and Proposition 2.2 is fulfilled with the vector e1, so g does not admit
symplectic half-flat structures.
Similarly, for g = Aéggl one has that Proposition 2.2 is satisfied for the vector e;.

Now, if g is the Lie algebra Ag 4112 then Proposition 2.2 is satisfied for e.

For the Lie algebras g = A?;l, in both cases Proposition 2.2 can be checked with the
vector e3.
Now, if g is the Lie algebra A6 54 % then Proposmon 2.2 is satisfied for e .

We study now the family of Lie algebras A6 s4 U'with 0 < o < 2. If @ = O then it
is unimodular, and the case @ = 2 will be studied at the end of the proof. On this family
Proposition 2.2 is satisfied for the vector e .

For A6 56 One gets that Proposition 2.2 is satisfied for the vector e, hence A6 56 does not
admit symplectic half-flat structure.

The Lie algebra A 6,25 does not admit a symplectic half-flat structure since Proposition 2.2
is satisfied for the vector e;.

For the Lie algebra Ag %6 we have Proposition 2.2 fulfilled for the vector ej.

On the Lie algebra Aé’g’;, vector e satisfies Proposition 2.2.

The Lie algebra Ag 34 has no symplectic half-flat structure because Proposition 2.2 is
satisfied for the vector el

On the Lie algebra A6 94» vector ey satisfies Proposition 2.2.

The Lie algebra A(,’94 has no symplectic half-flat structure because Proposition 2.2 is

satisfied for the vector e;.

21 o
. . . -21 X

Finally, explicit symplectic half-flat structures on A¢ {3°" Aé‘; 40 Ag 7 (@ # 0) and

3

A; ;1 are given in Table 2 of the Appendix. O

To complete the proof of Theorem 1.2 in the indecomposable case, it remains to study the
solvable Lie algebras with four-dimensional nilradical. For this, we use the list of [24] that
contains 12 Lie algebras and 31 families depending at least of one-parameter. Indeed, there
are 14 one-parameter families, 10 two-parameter families, 4 three-parameter families and 3
four-parameter.

Proposition 3.4 Ng 132 2 is the only six-dimensional non-unimodular solvable Lie algebra

with four-dimensional nilradical admitting a symplectic half-flat structure.

Proof Starting from the list of Turkowski [24] of non-unimodular solvable Lie algebras with
four-dimensional nilradical, we reduce our attention to those admitting a symplectic form,
which we list in Table 3 of the Appendix.

An explicit symplectic half-flat structure (F, p) on the Lie algebra Ng 132 2 is given in
Table 3. For any of the remaining Lie algebras we use Propositions 2. 1 and 2.2 to prove non-
existence of symplectic half-flat structures. Indeed, for the families N6 2 1.A.—p , Ng’ 0 ﬂ 0 B #0)

and Ng{; - ﬂ, with o2 + B2 # 0 and B # +2, as well as for the Lie algebra N6,17 the

hypothesis of Proposition 2.2 is satisfied with X = e3. The family of Lie algebras Ng Y Ly
satisfies Proposition 2.2 with the vector X = e, for all y. Almost all of the remaining
Lie algebras and parameter families appearing in Table 3 satisfy the hypothesis of Prop-
osition 2.2 with the vector X = e1. However, for the Lie algebra Ng g and the families
Ng. 1’3 —op  NEP %=1 and NP % where Proposition 2.2 is not enough, we use Proposi-
tion 2.1 to assen that they do not admit symplectic half-flat structure. For this, we proceed
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as in the proof of Proposition 3.1 for Ag:go. We see that the Lie algebra N g satisfies Prop-

osition 2.1 (ii) for X = es and ¥ = eq. For the family N¢'{" " the obstruction (i) in

Proposition 2.1 is satisfied for (2 + V3)e’ + €°. For Ng lﬂ 0,1 Proposition 2.1 (i) is satisfied

for the 1-form (1 + v/3)e> + € or (1 + /3)e> — €° depending on the sign of 8. Finally,
for the family Ng_ lﬁ 719 the obstruction (i) in Proposition 2.1 is satisfied for the 1-form
(1 4+ +/3)e® + 2¢° or (1 + +/3)e® — 2¢° depending on the sign of «, which completes the
proof. O

4 The decomposable case

In this section we consider all six-dimensional Lie algebras (unimodular and non-unimodu-
lar) of the form g = g1 @ g». Our starting point is the half-flat classification given in [20] for
the 33 case and in [11] for the 42 and 581 cases.

As in the previous section, we will suppose that g is non-nilpotent, because it is proved
in [6] that the only decomposable nilpotent Lie algebras having symplectic half-flat structure
are gs5,1 ® R and the Abelian Lie algebra. Therefore, Theorem 1.1 follows as a consequence
of [6] and Propositions 3.1, 4.1, 4.2 and 4.3.

In the next result we consider the six-dimensional Lie algebras of the form g = g1 @ g»
with dim gy = dim g, = 3.

Proposition 4.1 The only 3@ 3 non-nilpotent Lie algebra which admits a symplectic half-flat
structure is e(1, 1) @ e(1, 1).

Proof Starting from the classification in [20], one can check that the 3 @ 3 non-nilpotent Lie
algebras admitting both half-flat structure and symplectic form are those listed in Table 4 of
the Appendix. (Notice that in particular the only 3 @ 3 non-unimodular solvable Lie algebras
having both symplectic and half-flat structure are ¢(2) @ vo @ Rand e(1,1) ® o & R.)

A direct calculation shows that the Lie algebra ¢(2) @ ¢(2) satisfies Proposition 2.1 (ii)
for X =ejand Y = ej.

For the Lie algebra ¢(2) @& R? we have that F(jpez, er) =0.Letg = e(1, 1) ®R3, since
Z%(g) = Z2(e(2) ® R?) and Z3 (g) = Z3((2) ® R?) the same argument as in the previous
case is valid, so F(jp€2, er) = 0.

The Lie algebra ¢(2) @ ¢(1, 1) satisfies Proposition 2.1 (ii) for X = e and ¥ = e3.

For ¢(2) @ h and ¢(1, 1) @ b one has that F(J,eq, ¢6) = 0.

The Lie algebras ¢(2) @ v; @ R and ¢(1, 1) @ v2 @ R both satisfy the obstruction (i) in
Proposition 2.1 for & = e*.

Finally, it is proved in [22] that the Lie algebra ¢(1, 1) @ ¢(1, 1) has a symplectic half-flat
structure (see Table 4). O

In the next result we consider a six-dimensional Lie algebra g = g1 @ g withdim gy = 4
and dim g, = 2.

Proposition 4.2 There is no 4 @ 2 non-nilpotent Lie algebra admitting symplectic half-flat
structure.

Proof All the non-nilpotent Lie algebras of type 4 @ 2 with decomposable four-dimensional
one are isomorphic to one of Proposition 4.1 except the Lie algebra t, @ t, @ t,. So in
order to avoid the study of the same Lie algebras several times, from now on we will refer
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to the 4 @ 2 Lie algebras as the ones that being decomposable in the form 4 @ 2 cannot be
decomposed as 3 @ 3. The only 4 @ 2 non-nilpotent Lie algebras admitting both half-flat
structure [11] and symplectic form are the non-unimodular Lie algebras given in Table 5.
These four possible cases are easily rejected thanks to the obstruction 1(i) in Proposition 2.1:

3

it suffices to consider the 1-form o = e’ for A4 | ® vy, o = e* for A, 3 ® 12, ¢ = € in case

Ag12@B 2 anda =e! + &3 forv, ® vy ® vy O
In the next result we study the 5 @ 1 decomposable Lie algebras, i.e. g = g ® R.

Proposition 4.3 The only 5 @ 1 non-nilpotent Lie algebras admitting symplectic half-flat
structures are A;;ﬁu @ R and Ag"ﬁa’l ®Rwitha > 0.

Proof As in the previous proposition, every Lie algebra of type 5 & 1 with decomposable
five-dimensional part is isomorphic to one of types 3 @& 3 or 4 @ 2. In the list of 5 & 1
non-nilpotent Lie algebras admitting half-flat structures [11], those having also symplectic
form are given in Table 6 of the Appendix. (In particular, the only 5 & 1 non-unimodular
solvable Lie algebras having both half-flat structure and symplectic form are As 3¢ @ R and
As37 O R.)

Inthe case of A3 " P @R with0 < < 1, A} ®R, A] |5 ®R, As 36@R and As 37 OR
we find that obstruction (ii) in Proposition 2.1 is satisfied because F (fpel, e1) =0.

As Z2(As)37 @R) = Z2(ASY @ R) = Z2(A5 7P P @ R) and Z3(A5 1) @ R) =

Z3(A2’(1)’7y ®R) = Z3(A5_§‘ﬂ’_ﬁ @ R) for any y, the same conclusion as for A;;”s’_ﬂ R

is valid. Moreover, we have that Z*(AJ |, ® R) = Z*(A5y @ R) and Z3(Ad , @ R) =

Z3(A;§ @ R). Therefore, the Lie algebras A;i’SO’V D R, Ag:?&y @ R and Ag, 14 © R do not

admit symplectic half-flat structure.
For the case g = A;{S @ R we have that an arbitrary pair (F, p) € Zz(g) X Z3(g) is
given by

F = by - (323) + bre' + b3e®™ + bse® + bse® + bge® + bre®,

125 135 145 +a4(6146 _ 6236) + 056156 235 _,’_a762

p =ae + are 45
345 456

+ aze
256

+ age

246 356

“+age + age + ajpe +aje + ape

It follows that F3 # 0 if and only if by, b7 # 0, so we can take b; = 1. When imposing
F A p = 0wehave thata; = ag— aybz, a4 = as =0, ag = agbr,ay; = 0and ajp = —agbs.
A direct calculation shows that J,e; = azag ey, so F(J,eq, e1) = 0. Similarly, for A(S) 13 OR
we get that J, pe1 is amultiple of e;. Thus, by Proposition 2.1 the Lie algebras Ay 11 s®Rand

A(S),18 @ R do not admit symplectic half-flat structure.

Finally, the half-flat structures given in [11] for A;%’_l’l ® R and A‘Sx’l}a’l @ R with

o > 0 satisfy that d F = 0, so they provide examples of symplectic half-flat structures (see
Table 6). ]

Notice that the previous propositions imply that if g is a decomposable non-unimodular
solvable Lie algebra then g does not admit symplectic half-flat structure.

Remark 4.4 The Lie algebra e(1, 1) @ e(1, 1) is unimodular and the corresponding simply
connected Lie group admits a compact %uotient as it is shown in [23]. For the simply con-
nected Lie groups corresponding to A;j’*]’] and Ag"’ﬁa’l with @ > 0, conditions for the
existence of lattice are given in [3, Propositions 7.2.1 and 7.2.14]. In particular, there is a
lattice for the cases A;%’_l’l and Ag’:l_f"l for @ = 0 and for some positive «.
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5 Symplectic half-flat structures and SUSY equations of type I1IA

In this section we consider as in [1,14] type II supergravity backgrounds which are warped
products of the Minkowski space R>! and a compact manifold M of dimension 6, with
non-trivial fluxes living on the internal manifold M. In order to get (at least) N = 1 super-
symmetry, it is required the existence of (at least) a pair of globally defined and non-vanishing
spinors on M satisfying the SUSY conditions. The existence of such a pair implies a reduc-
tion of the structure group of the tangent bundle to a subgroup G C SO (6), so that different
types of G structures arise.

The existence of a globally defined non-vanishing spinor 74 on M defines a reduction to
SU(3), that is, M is endowed with an SU(3) structure (F, ¥). On the other hand, an SU(2)
structure on a six-dimensional manifold M is defined by two orthogonal globally defined
spinors 74 and x4, which we can suppose of unit norm, or equivalently by an almost Hermi-
tian structure (J, g), a (1, 0)-form « such that lla|l? = 2, a real 2-form w and a (2, 0)-form
2 satisfying the conditions

1 _
w2=59/\§27é0, wAQ2=0, QAQ=0
and
02 =0, igw=0,

where i, denotes the contraction by the vector field dual to «.
Notice that the SU(2) structure (¢, w, 2) is naturally embedded in the SU(3) structure
defined by n4 as
F=a)+%o¢/\&, VU =uaAQ; 3)

and conversely, given an SU(3) structure (F, ¥) and a (1, 0)-form « of norm /2 on M, then
w=F— %a Aaand Q2 = %ia\IJ provide an SU(2) structure.

Now arotation kjn4 +k_ x4 of the two orthogonal spinors 14 and x., where k|| = cos(¢)
and k) = sin(¢), ¢ € [0, %], gives rise to the family of SU(2) structures (c, @, §z¢,) on M

given by

gy = cos(2¢) w + sin(2¢)Re(£2),
4
Qp = —sin(2¢) w + cos(2¢)Re(RQ) + iIm(Q). @

Definition 5.1 [1] The SU(2) structure defined by (4) is called intermediate if k| and k| are
both different from zero.

By working in the projection (eigen)basis, Andriot obtained in [1] the SUSY equations
of type IIA for intermediate SU(2) structures in the following form:

d(Re(a)) =0,
d(Re(Q)1) = kjjkLRe(ar) A d(Im(a)), ®)
d(Im(Q)) A Re(a) = —d(Im(xr) A Re(Q)))),

where Re(2)| = %((1 —cos(2¢))Re(R2) +sin(2¢)w) and Re(2) | = %((1 +cos(2¢))Re(2)
— sin(2¢)w).
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Actually, the SUSY equations of type IIA consist of Eq. (5) together with the correspond-
ing fluxes Fy, F», F4 and H, but they can be obtained explicitly from these equations (see
[1] for details).

Next we recall the precise relationship between solutions of (5) and the symplectic half-
flat condition. In the following result, by a symplectic half-flat SU(2) structure (o, w, 2) we
mean that the associated SU(3) structure given by (3) is symplectic half-flat.

Theorem 5.2 [10, Theorem 3.1]If (M, «, w, 2) is a six-dimensional manifold endowed with
an SU(2) structure such that the forms o, Re(£2)|;, Re(2) 1 and Im(Q2) satisfy Eq. (5), then
M admits a symplectic half-flat SU(2) structure (&, &, Q) with d(Re(&)) = 0. Conversely,
if M has a symplectic half-flat SU(2) structure (&, &, $2) such that d(Re(&)) = 0, then the
forms a, Re(£2))|, Re(2) | and Im(2) defined by

1 1 .
Re(@)1 =6, Im(Q) i —Re(@) = Q. Re(@) +ikjIm(e) =@
L I

provide a solution of Eq. (5).

Particular examples on compact solvmanifolds corresponding to g5 1@ R, A5 %’_1’1 d R

and gg:flls’fl are given in [10]. Other solvable Lie algebras related to the SUSY equations
appearin [1,2,14]. As a consequence of Theorem 1.1 we obtain the complete list of compact
solvmanifolds providing solutions to Eq. (5).

Proposition 5.3 Any six-dimensional compact solvmanifold admitting an invariant symplec-
tic half-flat structure also admits a solution of the SUSY equations of type IIA.

Proof From Theorem 5.2 it is sufficient to show that the solvmanifolds corresponding to the
Lie algebras listed in Theorem 1.1 admit an SU(2) structure («, @, €2) with Re(«) a closed
form and such that the SU(3) structure (F = o+ %oz A, ¥ = a AQ) is symplectic half-flat.
We give an explicit example for each case:

For ¢(1, 1) @ ¢(1, 1) we consider the SU(2) structure (&, w, 2) given by o = el +ieét,
w=eP+2%and Q= (2 +ie®) A (€2 =€) +i(e + ).

For g5, 1®R we consider the SU(2) structure (¢, w, 2) givenby o = eltiet,w=eP—e
and Q = (&2 +ie’) A(—e® +ied).

For A;;’_l‘l @ R we consider the SU(2) structure (o, w, 2) given by o = e +ieb,
w=—-eB+eP*and Q= (S +ie) A +ieh).

For A‘;:ﬁa’l @ R we consider the SU(2) structure (o, @, 2) given by o« = e +ied,
w=eB +ePand Q= (e +ied) A (e? +ieh).

For the nilpotent Lie algebra ge 3, since el is closed, we can consider the SU(2) structure
(o, w, Q) given by o = el+ie®, w==-2—ePand Q= Qe* +ie3) A (e +ie?).

For 92,38’ since ¢ is closed, we can consider the SU(2) structure (o, w, 2) given by
a=e®—2iel, w=e*+e2and Q= (3 +ie*) A (e +ie?).

For 9(6):5_41 we consider the SU(2) structure (o, w, 2) givenby o = A+ied, w=el*+e3
and Q = (¢! +ie) A (2 +iéd).

Finally, for the Lie algebra ggjfllg’fl we consider the structure («, w, 2) given by o =
ftid,w=e?+ePand Q= (' +ie*) A (2 +ied). ]
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Appendix

In this appendix we summarize the results obtained in the before sections. In Table 1,
we show the structure equations of all indecomposable unimodular solvable Lie alge-
bras of dimension 6 having symplectic forms, obtained in [18]. Also in Table 2 we
show the structure equations of indecomposable non-unimodular solvable Lie algebras
with five-dimensional nilradical admitting symplectic forms according the proof of Prop-
osition 3.2, while in Table 3 we consider the indecomposable non-unimodular solvable
Lie algebras with four-dimensional nilradical having both half-flat structure and sym-
plectic forms, but only two of those Lie algebras have symplectic half-flat structure.
Moreover, we show the structure equations of all decomposable (non-nilpotent) solv-
able Lie algebras of dimension 6 which admit both symplectic and half-flat structures
(Tables 4, 5, 6).

Table 1 Indecomposable unimodular solvable (non-nilpotent) Lie algebras admitting symplectic structures
(18]

g Str. equations Symplectic half-flat str.
gg.;l ( 26,36 () (46 7656’0) _
0,0 26 436 () (56 _46 () _
96,10 e e —e T,
~1.3.0 1 23,26 1,36 ,46
9.13 ( 26 +e ,—e?, e ,0, O) —
1
1-10
96213 ( %616+623 1,26 7636’646’0’0) _
g s (623 —36, 026 | (46,36 _65670) _
g by ! (623 026 036 436 4 46, 656’0) _
@ (623 0,26, 046, _ 56 O) _
gg:gé (623 0,26, 56 ;46 0) _
92,38 (623 036,26 26 _ 56,36 4 446 0) F = 2616 4 o34 _ 25
p = —2e135 _ 20124 | ;236 _ 456
92,5—41 (816 1035, 26 4 45,36 _ 46 0) F=eld 123 4,56
p = 125 _ o136 4 ;246 | 345
gg 20 ( e? 35 16+e45 646,e36,0,0 —
96,78 ( 16 1 025 45 24+636+e46’€46’7656’0) _
o 1711871 ( el 5 _el5 _ g26 36 _ 445 35 4 46 0) F = eld 423 _ 56
p = el26 135 L 245 | 346
“6i§;4 ( o — 36, o4 1 (26 1 ;56 56, _646’0)
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Table 2 Indecomposable non-unimodular solvable Lie algebras with five-dimensional nilradical admitting
both symplectic and half-flat structure [12]

g Str. equations Symplectic half-flat str.
_21
Ag iy (_%816_’_623’_%626’ %636,646’_656’0) F = 2016 4 034 1,52
p = —2e135 _ 00124 _ ;356 4 246
Aég;% (_%em +etS, o154 1526 3,36, —%e46,656,0) _
A;;;J (645’615 + 626,036 _846’656’0) _
Aaiz (645’615 4026, ¢36 1 56 _ 46,56 0) —
AEL (B e £6%6,6%,0,0,0) -
Agé[Z (el6 F 035, 20626 1 45 9,36 _ 46 7656’0) _
Ag:gfl (6164_635’(“_1)626_’_645,(l_a)e%’ _646’0[656’0) _
O<a<?2
Aé:éll (el() 4035, 626 L 45 36 _ 46 2656’0) F =3l 442 40,65
p = 40 4 (235 _ 145 _ 9,126
Aflj,56 (el6 4635 636 4 45 0, _646’656’0) _
Aé:t'z)S (el6 4635 016 4 26 4 45 _ 36 ,36 _ 46 2656’0) _
A‘g:% (%616_e26+e35’616+%e26+e45’ Foeeld o2 065
@ #0 7%6367646’8367%646’0{656’0) p = —ael20 _ o145 | 235 4,346

%616 25 o3, _%626 4, _%636’ 264, 65670)

10 4 o251 o34 (35 36 9,46 56 0) _

A;% (%elﬁ +e%5, %ezﬁ + 33, —%636 +e¥, —%e%, &30, O) F =t 423 4265
p = —e245 4 26346 _ 9,126 _ 135
Aa% (75816 025 0026 L A5 24 _ ;36 446 3,56 0)
Aég; (2816 + 24 4+ 035 620, 1030, —4e40, —8650, O) —
Ag,34 (_em o2 434 0026 4 035 3,36 2,46 656,0)
(
(

Table 3 Indecomposable non-unimodular symplectic solvable Lie algebras with four-dimensional nilradical

g Str. equations Symplectic half-flat str.

NEPTPap £0
a,B,0,—

aelS 4 Bel6, _qe?S — Be20 636 45 0) _

(
N laﬂ £0 (aels 4 Bel6, _o26 ;36 445 O) _
Né’f“l’o af £0 (ae15 1 Bel6, _o25 36 445 0 0) -
N;zl’ﬂ"ﬁ (_815 4 Bel6, 025 _ ge26 036 35 4 46 0) _
Ng'{l’y (_616’ €25 4 e 036 035 1 46 ¢ 0) _
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Table 3 continued
g Str. equations Symplectic half-flat str.

Oﬁoﬂ;éo _626’616’935’635+ﬁ636+e45’0’0) _
Ngz]ﬂ3—a -B (aels 4 BelS, —qe?S — Be26, 36 _ 45 _

2+ B2 40 €35 4 0% 0, 0)

(a, B) # (0, £2)
Ng 13202 ( 2016 2026 36 _ 45 35 4 46 0) F o= el2 4 035 4 46

o134 _ 156 _ 236 | 245
gﬁo af #0 (aels-i-ﬂelﬁ 626,—645,e35,0,0) —
(()){35)/0/8#() (615+ye — 626 16 4 025 1026 _
Be*S. B350 0)

Ng:& (816 15 +626 45,6350, 0) _
Ng 17 (O,e e4 35 +e46 0 O) —

2{380 B£0 (616 25,15 1026 _goA5 B35 0, 0) _
Ns,zo ( —e26 636 45 0 _
NESy o 0 (e15 +ae16 26,0,¢%,0,0) -
Ng,’203 (615 €10 4+ 6250, ¢35 + e, 0, 0) -
Ngy% ( 56,626 764 35,0, 0) _
Ne 28 ( ) o34 4 026 035 4 0,36, _

645 % 0, 0)

N;'fg ( 623 4 oI5 4 016,25 36, 45_,’_5646’0’0) _

W24 B2 £0
N30 ( 62 42615625 026 4 35 4645 4 046 0, 0) _
Ng 3, ( eB 4 e® 410,625 4 e -

(1 — a)e30 — 35 446 0, 0)
Ne 33 ( 623+815+el6 25 436,36 4 46 () 0) _
Ng34 ( 623+e15+(1+a)616 €25+ qe?0 -
e¥ +¢%,0,0)
Ngfs"‘ £0 ( 623+2616 —¢35 4 26 036 4 25 _
we®S 4 e, 0, 0)
NEs, ( 623 4 45 10016 26 _ ;35 _ (036 _
€25 4 o6 4 ¢36 2446 (). 0)

Ne 38 ( 623 4 015 4,16 25 636’7656’0’0) _
Ne 39 ( 623 2616, 35 4 026,25 4 ;36 _65670,0)
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Table 4 3 @ 3 decomposable (non-nilpotent) Lie algebras admitting both symplectic and half-flat structures

g Str. equations Symplectic half-flat str.
e(2) @ e(2) (O, —el3 12 0, —¢40, 645) -
e(l,1) e, 1) (O, —613, —612, 0, —246, —e45) F =el* + 23 + 256
— o125 _ 126 _ 135 _ 136

L5 4 246 4 345 _ 346

) &R (0, —e13,¢12,0,0, o) -
e(1,1) @R’ (0, —e13, —¢12,0,0, o) -
@) @ e(l, 1) (0, —e13, 120, — %, —e45) -
€@ ®h (0. —¢'3,¢12,0,0,¢%) -
«1,H@h (0, —el3,—¢12,0,0,¢%) _
2 @nOR (0, —e13,e12,0, -, o) _
e, ®r®R (0, —e13, 12,0, —e45,0) -

Table 5 4 @ 2 decomposable (non-nilpotent) Lie algebras admitting both symplectic and half-flat structures

g Str. equations Symplectic half-flat str.
Ag1 O (624, €4,0,0,0, 656) -
_1
Ao (%814 + B, 24, 163 0,0, 656) _
A @ (613 Lo e 1623 0,00, 656) _
LR RN R D) (0, —612, 0, —634, 0, —656) —

Table 6 5 @ 1 decomposable (non-nilpotent) Lie algebras admitting both symplectic and half-flat structures

g Str. equations Symplectic half-flat str.
A;;’ﬂ’_ﬂ@R (615,7825,,3235’7}3645’0’0) _

0<p<l1
A;},fl,l OR (615 —e35 %5 0, 0) F = —el3 4 o244 56

o= —el20 _ 145 _ ;235 _ 346

AsL @R (¢23.0.¢%, —¢%,0,0) -
A;11,30,1/ O R (615 ye®S, —ye® o, 0) _

y >0
Ag 14$R (625’ ’6,45 35,0, 0) _

A5, 15 OR (615 825 835 + %5, % 0, 0) _

2?7)/ DR (625 ye*s 0, O) -

O0<y<l1
A‘;‘:l’;’"l R (Mls + 625, _ol5 4 25 F = el3 4024 4 56

a>0 35+e45’_e35_ae 5.0,0) o= el25 _ 146 4 236 _ 345
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Table 6 continued

g Str. equations Symplectic half-flat str.
A(5)18®]R (25+e35 _ 15+e45 845 7835 0,0) _
;igZGaR ( 15+623 —2635 26%5 0, 0) _
As36 R (e + e2 .%3,0,0,0) -
As37 ®R (2614 + 623 244 035 25 1634 0,0, 0) —
References
1. Andriot, D.: New supersymmetric flux vacua with intermediate SU(2)-structure. J. High Energy
Phys. 0808, 096 (2008)
2. Andriot, D., Goi, E., Minasian, R., Petrini, M.: Supersymmetry breaking branes on solvmanifolds and de
Sitter vacua in string theory. J. High Energy Phys. 1105, 028 (2011)
3. Bock, C.: On low-dimensional solvmanifolds. arXiv:0903.2926v4 [math.DG]
4. Conti, D.: Half-flat nilmanifolds. Math. Ann. 350(1), 155-168 (2011)
5. Conti, D., Ferniandez, M.: Nilmanifolds with a calibrated Gj-structure. Differ. Geom. Appl. 29,
493-506 (2011)
6. Conti, D., Tomassini, A.: Special symplectic six-manifolds. Q. J. Math. 58, 297-311 (2007)
7. Cortés, V., Leistner, T., Schifer, L., Schulte-Hengesbach, F.: Half-flat structures and special holono-
my. Proc. London Math. Soc. (3) 102(1), 113-158 (2011)
8. Ferndndez, M., Gray, A.: Riemannian manifolds with structure group G;. Ann. Mat. Pura Appl. 32,
1945 (1982)
9. Fernandez, M., de Le6n, M., Saralegui, M.: A six dimensional symplectic solvmanifold without Kéhler
structures. Osaka J. Math. 33, 19-35 (1996)
10. Fino, A., Ugarte, L.: On the geometry underlying supersymmetric flux vacua with intermediate SU(2)
structure. Classical Quantum Gravity 28(7), 075004, 21 pp. (2011)
11. Freibert, M., Schulte-Hengesbach, F.: Half-flat structures on decomposable Lie groups. Transform.
Groups 17(1), 123-141 (2012)
12. Freibert, M., Schulte-Hengesbach, F.: Half-flat structures on indecomposable Lie groups. Transform.
Groups. doi:10.1007/s00031-012-9190-9
13. Gorbatsevich, V.V.: Symplectic structures and cohomologies on some solv-manifolds. Siberian Math.
J. 44(2), 260-274 (2003)
14. Grafia, M., Minasian, R., Petrini, M., Tomasiello, A.: A scan for new N = 1 vacua on twisted tori. J.
High Energy Phys. 0705, 031 (2007)
15. Harvey, R., Lawson, H.B.: Calibrated geometries. Acta Math. 148(3), 47-157 (1982)
16. Hitchin, N.: The geometry of three-forms in six dimensions. J. Differ. Geom. 55, 547-576 (2000)
17. Hitchin, N.: Stable Forms and Special Metrics. Global Differential Geometry: The Mathematical Legacy
of Alfred Gray, pp. 70-89. American Mathematical Society, Providence, RI (2001)
18. Macri, M.: Cohomological properties of unimodular six dimensional solvable Lie algebras.
arXiv:1111.5958v2 [math.DG]
19. Mubarakzyanov, G.M.: Classification of solvable Lie algebras of sixth order with a non-nilpotent basis
element (Russian). Izv. Vyssh. Uchebn. Zaved. Mat. 35(4), 104-116 (1963)
20. Schulte-Hengesbach, F.: Half-flat structures on products of three-dimensional Lie groups. J. Geom.
Phys. 60(11), 1726-1740 (2010)
21. Shabanskaya, A.: Classification of six dimensional solvable indecomposable lie algebras with a codimen-
sion one nilradical over R. Ph.D. Thesis, University of Toledo, Ohio (2011)
22. Tomassini, A., Vezzoni, L.: On symplectic half-flat manifolds. Manuscripta Math. 125(4), 515-530 (2008)
23. Tralle, A., Oprea, J.: Symplectic manifolds with no Kihler structures. Lectures Notes in Mathematics,
1661. Springer, Berlin (1997)
24. Turkowski, P.: Solvable Lie algebras of dimension six. J. Math. Phys. 31, 1344-1350 (1990)
25. Yamada, T.: A pseudo-Kiahler structure on a nontoral compact complex parallelizable solvmani-

fold. Geom. Dedicata 112, 115-122 (2005)

@ Springer


http://dx.doi.org/10.1007/s00031-012-9190-9

	Symplectic half-flat solvmanifolds
	Abstract
	1 Introduction
	2 Symplectic half-flat structures
	3 The indecomposable case
	4 The decomposable case
	5 Symplectic half-flat structures and SUSY equations of type IIA
	Acknowledgments
	Appendix
	References


